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coupled ﬁxed point results in partially ordered metric spaces to the respective results for
mappings with one variable, even obtaining (in some cases) more general theorems. Our
results generalize, extend, unify and complement coupled coincidence point theorems
established by Harjani et al. (2011) [18] and Razani and Parvaneh (2012) [26]. Also,
by using this method several tripled coincidence and tripled common ﬁxed point results
in partially ordered metric spaces can be reduced to the coincidence and common ﬁxed
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The metric ﬁxed point theory is very important and useful in Mathematics. It can be
applied in various areas, for example: variational inequalities, optimization, approxi-
mation theory etc.
The notion of a coupled ﬁxed point was introduced and studied by Opoitsev [21,22]
and Opoitsev and Khurodze [23] and then by Guo and Lakhsmikantham in [15]. Bhas-
kar and Lakhsmikantham were the ﬁrst to study coupled ﬁxed points in connection to
contractive type conditions in [14]. Fixed point theory as and coupled and tripled cases
in ordered metric and cone metric spaces was studied in [1,3,5–7,9–11,13,14,16,19].81 0112432828.
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30 S. Radenovic´The ﬁxed point theorems in partially ordered metric spaces play a major role to prove
the existence and uniqueness of solutions for some differential and integral equations.
One of the most interesting ﬁxed point theorems in ordered metric spaces was inves-
tigated by Ran and Reurings [25] applied their result to linear and nonlinear matrix
equations. Then, many authors obtained several interesting results in ordered metric
spaces [3–8,10–20].
Bhaskar and Lakshmikantham [14] initiated the study of a coupled ﬁxed point in
ordered metric spaces and applied their results to prove the existence and uniqueness
of solutions for a periodic boundary value problem. For more works in coupled and
coincidence point theorems, we refer the reader to [12,13,15,19] and references there in.
At ﬁrst we need the following deﬁnitions and results.
Deﬁnition 1.1 ([14,24]). The three classes of following mappings are deﬁned as
W ¼ fw jw : ½0;1Þ ! ½0;1Þ is continuous and nondecreasing and w1ðf0gÞ ¼ f0gg,
A ¼ fa ja : ½0;1Þ ! ½0;1Þ is continuous and að0Þ ¼ 0g and.
B ¼ fb jb : ½0;1Þ ! ½0;1Þ is lower semi-continuous and bð0Þ ¼ 0g.
For a weak ðw; a; bÞ-weak contraction in the frame of metric spaces see [11,24,26,27].
Deﬁnition 1.2 [5]. Let ðX; d;Þ be partially ordered metric space and
F : X2 ! X; g : X! X two mappings. The mapping F has the mixed g-monotone prop-
erty if for any x; y 2 X hold:gx1  gx2 ) Fðx1; yÞ  Fðx2; yÞ; for x1; x2 2 X; and
gy1  gy2 ) Fðx; y2Þ  Fðx; y1Þ; for y1; y2 2 X:Note that, if g ¼ iX-identity mapping then F has a mixed monotone property.
Remark 1.3. It is clear that if ðX;Þ is a partially ordered set then ðX2;vÞ is also par-
tially ordered with:ðx; yÞ v ða; bÞ () x  a ^ y  b:Deﬁnition 1.4 [5]. Let F : X2 ! X and g : X! X. An element ðx; yÞ 2 X2 is called a
coupled coincidence point of F and g ifFðx; yÞ ¼ gx and Fðy; xÞ ¼ gy;
while ðgx; gyÞ 2 X2 is said a coupled point of coincidence of mappings F and g. More-
over, ðx; yÞ is called a coupled common ﬁxed point of F and g ifFðx; yÞ ¼ gx ¼ x and Fðy; xÞ ¼ gy ¼ y:Remark 1.5. It is clear that ðx; yÞ is a coupled coincidence point of F and g if and only
if ðx; yÞ is coincidence point for the mappings TF : X2 ! X2 and Tg : X2 ! X2 which
are deﬁned by
Remarks on some coupled coincidence point results in partially ordered metric spaces 31TFðx; yÞ ¼ ðFðx; yÞ;Fðy; xÞÞ and Tgðx; yÞ ¼ ðgx; gyÞ:Deﬁnition 1.6. Mappings f; g : X! X are said to be compatible in a metric space ðX; dÞ
ifdðfgxn; gfxnÞ ! 0 as n!1;
whenever fxng is a sequence in X such that limn!1fxn ¼ limn!1gxn in ðX; dÞ.
Deﬁnition 1.7 [10]. Let ðX; dÞ be a metric space and F : X2 ! X and g : X! X be two
mappings. We say that F and g are compatible ifdðgFðxn; ynÞ;Fðgxn; gynÞÞ ! 0 and
dðgFðyn; xnÞ;Fðgyn; gxnÞÞ ! 0; as n!1;whenever xn and yn are such thatlim
n!1
Fðxn; ynÞ ¼ lim
n!1
gxn and lim
n!1
Fðyn; xnÞ ¼ lim
n!1
gyn:The proof of the following Lemma is immediately.
Lemma 1.8. Let ðX; dÞ be a metric space. Deﬁne D : X2  X2 ! Rþ byDððx; yÞ; ðu; vÞÞ ¼ maxfdðx; uÞ; dðy; vÞg:
Then ðX2;DÞ is a new metric space.
Remark 1.9. It is easy to prove that mappings F and g are compatible in ðX; dÞ if and
only if TF and Tg are compatible in ðX2;DÞ.
We note that the used technique in this paper was considered also in [2,17].
Harjani et al. [18] obtained the following theorem for mappings with the mixed
monotone property.
Theorem 1.10. Let ðX;Þ be a partially ordered set and suppose that there exists a metric
d in X such that ðX; dÞ is a complete metric space. Let F : X2 ! X be a mapping having
the mixed monotone property on X and continuous such thatwðdðFðx; yÞ;Fðu; vÞÞÞ 6 wðmaxfdðx; uÞ; dðy; vÞgÞ
 uðmaxfdðx; uÞ; dðy; vÞgÞ ð1:1Þfor all x; y; u; v 2 X with x  u and y  v, where w and u are altering distance functions.
If there exist x0; y0 2 X with x0  Fðx0; y0Þ and y0  Fðy0; x0Þ, then F has a coupled ﬁxed
point.
Also, they proved that the above theorem is still valid for F not necessarily contin-
uous, assuming that ðX; d;Þ is regular.
Razani and Parvaneh [26] proved the following result.
32 S. Radenovic´Theorem 1.11. Let ðX; d;Þ be a partially ordered complete metric space and let
F : X2 ! X and g : X! X be such that FðX2Þ  gðXÞ and F is continuous. Assume thatwðdðFðx; yÞ;Fðu; vÞÞÞ 6 aðmaxfdðgx; guÞ; dðgy; gvÞgÞ
 bðmaxfdðgx; guÞ; dðgy; gvÞgÞ; ð1:2Þfor all x; y; u; v 2 X with gx  gu and gy  gv, where w; a; b : ½0;þ1Þ ! ½0;þ1Þ are
such that, w is an altering distance function, a is continuous, w is lower semi-continuous,
að0Þ ¼ bð0Þ ¼ 0 and wðtÞ  aðtÞ þ bðtÞ > 0 for all t > 0. Assume that:
(1) F has the mixed g-monotone property,
(2) g is continuous and commutes with F.
If there exist x0; y0 2 X with gx0  Fðx0; y0Þ and gy0  Fðy0; x0Þ, then F and g have a
coupled coincidence point in X.
Also, they proved that the above theorem is still valid for F not necessarily contin-
uous, assuming that ðX; d;Þ is regular.
2. MAIN RESULTS
Now, we are ready to state and prove our ﬁrst result.
Theorem 2.1. Let ðX; d;Þ be a partially ordered metric space and F : X2 ! X and
g : X! X. Assume that there exist w 2 W; b 2 B, such thatwðmaxfdðFðx; yÞ;Fðu; vÞÞ; dðFðy; xÞ;Fðv; uÞÞgÞ
6 wðmaxfdðgx; guÞ; dðgy; gvÞgÞ  bðmaxfdðgx; guÞ; dðgy; gvÞgÞ ð2:1Þfor all x; y; u; v 2 X for which gx  gu ^ gy  gv or gx  gu ^ gy  gv. Assume that F
and g satisfy the following conditions:
(1) F ðX 2Þ  gðX Þ;
(2) F has the mixed g-monotone property;
(3) F and g are continuous and compatible and ðX ; dÞ is a complete, or
(4) ðX ; d;Þ is a regular and one of F ðX 2Þ or gðX Þ is a complete;
(5) there exist x0; y0 2 X such thatgx0  Fðx0; y0Þ ^ gy0  Fðy0; x0Þ or gx0  Fðx0; y0Þ ^ gy0  Fðy0; x0Þ:Then F and g have a coupled coincidence point.
Remark 2.2.
(a) It is clear that the condition (1.2) is equivalent to the condition (2.1). Here, by
using new metric space ðX 2;DÞ we have obtained a method of reducing coupled
coincidence and coupled ﬁxed point results in (ordered) metric spaces to the
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more general theorems. For other details of coupled case in ordered metric spaces
see also [5].
(b) It is worth to notice that Theorem 1.11 holds if F and g are compatible instead
commuting (see Step II in [26]). Indeed, sincelim
n!1
gxn ¼ lim
n!1
Fðxn; ynÞ ¼ x and lim
n!1
gyn ¼ lim
n!1
Fðyn; xnÞ ¼ y;thenlim
n!1
dðgFðxn; ynÞ;Fðgxn; gynÞÞ ¼ 0; and
lim
n!1
dðgFðyn; xnÞ;Fðgyn; gxnÞÞ ¼ 0;because F and g are compatible.
Therefore, now we havedðgx;Fðx; yÞÞ 6 dðgx; ggxnþ1Þ þ dðggxnþ1;Fðx; yÞÞ
6 dðgx; ggxnþ1Þ þ dðggxnþ1;Fðgxn; gynÞÞ þ dðFðgxn; gynÞ;Fðx; yÞÞ
! dðgx; gxÞ þ 0þ dðFðx; yÞ;Fðx; yÞÞ ¼ 0; as n!1;that is Fðx; yÞ ¼ gx. Similarly, we obtain that Fðy; xÞ ¼ gy.
Assertions similar to the following lemma were used in the frame of metric spaces in
the course of proofs of several ﬁxed point results in various papers (see, e.g., [10,24]).
Lemma 2.3. Let ðX; dÞ be a metric space and let fxng be a sequence in X such that
limn!1dðxn; xnþ1Þ ¼ 0. If fxng is not a Cauchy sequence in ðX; dÞ, then there exist e > 0
and two sequences fmkg and fnkg of positive integers such that the following four
sequences tends to eþ when k!1:dðxmk ; xnkÞ; dðxmk ; xnk1Þ; dðxmkþ1; xnkÞ; dðxnk1; xmkþ1Þ:
The following Lemma is crucial for the proof of Theorem 2.1.
Lemma 2.4. Let ðX; d;Þ be a partially ordered metric space and f and g be two self
mappings on X. Assume that there exist w 2 W; b 2 B such thatwðdðfx; fyÞÞ 6 wðdðgx; gyÞÞ  bðdðgx; gyÞÞ ð2:2Þ
for all x; y 2 X for which gx  gy or gx  gy. If the following conditions hold:
(i) f is a g-nondecreasing with respect to  and fX  gX ;
(ii) there exists x0 2 X such that gx0  fx0;
(iii) f and g are continuous and compatible and ðX ; dÞ is a complete or;
(iv) ðX ; d;Þ is a regular and one of fX or gX is a complete.
Then f and g have a coincidence point in X.
34 S. Radenovic´Proof. If gx0 ¼ fx0 then x0 is a coincidence point of f and g. Therefore, let gx0  fx0.
Since fX  gX we obtain Jungck sequence yn ¼ fxn ¼ gxnþ1 for all n ¼ 0; 1; 2; . . . where
xn 2 X and by induction we get that yn  ynþ1. If yn ¼ ynþ1 for some n 2 N then xn is a
coincidence point of f and g. Therefore, suppose that yn–ynþ1 for each n. Now, we shall
prove the following:
(1) dðyn; ynþ1Þ ! 0 as n!1;
(2) fyng is a Cauchy sequence.
Indeed, by putting x ¼ xn; y ¼ xnþ1 in (2.2) we getwðdðyn; ynþ1ÞÞ ¼ wðdðfxn; fxnþ1ÞÞ
6 wðdðgxn; gxnþ1ÞÞ  bðdðgxn; gxnþ1ÞÞ
¼ wðdðyn1; ynÞÞ  bðdðyn1; ynÞÞ
6 wðdðyn1; ynÞÞ;and since function w is nondecreasing, it follows that dðyn; ynþ1Þ 6 dðyn1; ynÞ, that is,
exists limn!1dðyn; ynþ1Þ ¼ d P 0. If d > 0 we get from the previous relation
wðdÞ 6 wðdÞ  bðdÞ, i.e., d ¼ 0 which is a contradiction. Hence, we obtain that
limn!1dðyn; ynþ1Þ ¼ 0.
Further, using Lemma 2.3 we shall prove that fyng is a Cauchy sequence. Suppose
this is not the case. Then, by Lemma 2.3 there exist e > 0 and two sequences fmkg and
fnkg of positive integers such that the following sequences tend to eþ when k!1:dðxmk ; xnkÞ; dðxmk ; xnk1Þ; dðxmkþ1; xnkÞ; dðxnk1; xmkþ1Þ:
Putting x ¼ xmkþ1; y ¼ xnk in (2.2) we havewðdðfxmkþ1; fxnkÞÞ 6 wðdðgxmkþ1; gxnkÞÞ  bðdðgxmkþ1; gxnkÞÞ;
that is,wðdðymkþ1; ynkÞÞ 6 wðdðymk ; ynk1ÞÞ  bðdðymk ; ynk1ÞÞ:
Letting k!1 and utilizing the property of functions w and b, we get
wðeÞ 6 wðeÞ  bðeÞ 6 0, which is a contradiction with e > 0. We have proved that
fyng is a Cauchy sequence in ðX; dÞ.
Now by (iii) since ðX; dÞ is a complete then there exists z 2 X such that yn ! z. Then
we havedðfxn; zÞ ! 0 and dðgxn; zÞ ! 0 as n!1:
Further, according to triangle inequality and since f and g are continuous and compat-
ible, we getdðfz; gzÞ 6 dðfz; fgxnÞ þ dðfgxn; gzÞ
6 dðfz; fgxnÞ þ dðfgxn; gfxnÞ þ dðgfxn; gzÞ ! 0; as n!1:It follows that z is a coincidence point for f and g.
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complete) and then gxn  gz and by contractive condition (2.2) we havewðdðfxn; fzÞÞ 6 wðdðgxn; gzÞÞ  bðdðgxn; gzÞÞ:
By taking limit as n!1 in above inequality, we obtainwðdðgz; fzÞÞ 6 wðdðgz; gzÞÞ  bðdðgz; gzÞÞ ¼ 0 0 ¼ 0;
and hence fz ¼ gz. h
Proof of Theorem 2.1. Firstly, (2.1) implieswðDðTFðYÞ;TFðVÞÞÞ 6 wðDðTgðYÞ; TgðVÞÞÞ  bðDðTgðYÞ;TgðVÞÞÞ ð2:3Þ
for all Y ¼ ðx; yÞ and V ¼ ðu; vÞ from X2 for which TgðYÞ v TgðVÞ or TgðVÞ v TgðYÞ.
Further,
(1) implies that T F ðX 2Þ  T gðX 2Þ;
(2) implies that T F is a T g-nondecreasing with respect to v and T F ðX 2Þ  T gðX 2Þ;
(3) implies that T F and T g are continuous and compatible and ðX 2;DÞ is a complete
or;
(4) implies that ðX 2;D;vÞ is a regular and one of T F ðX 2Þ or T gðX 2Þ is a complete;
(5) implies that there exists Y 0 ¼ ðx0; y0Þ 2 X 2 such that T gðY 0Þ v T F ðY 0Þ or
T F ðY 0Þ v T gðY 0Þ.
All conditions of Lemma 2.4 for the ordered metric space ðX2;DÞ are satisﬁed.
Therefore, the mappings TF and Tg have a coincidence point in X
2. According to
Remark 1.5 the mappings F and g have a coupled coincidence point. The proof of
Theorem 2.1 is complete. h
The following examples shows that our results are proper generalizations of the re-
sults of Razani and Parvaneh [26, Theorems 2.2 and 2.3] and Bhaskar and Lakshmi-
kantham [14, Theorem 2.1].
Example 2.5. Let X ¼ R with the usual metric and order. Consider the mappings
Fðx; yÞ ¼ x32y38 and gðxÞ ¼ x3. All the condition of Theorems 2.1 are satisﬁed. In
particular, the mapping F has the mixed g-monotone property and we will check that F
and g are compatible.
Let fxng and fyng be two sequences in X such thatlim
n!1
Fðxn; ynÞ ¼ lim gxn ¼ a and lim
n!1
Fðyn; xnÞ ¼ lim gyn ¼ b:Then a2b
8
¼ a and b2a
8
¼ b, wherefrom it follows that a ¼ b ¼ 0. ThendðgFðxn; ynÞ;Fðgxn; gynÞÞ ¼
x3n  2y3n
8
 3
 x
9
n  2y9n
8

! 0; as n!1and similarly
36 S. Radenovic´dðgFðyn; xnÞ;Fðgyn; gxnÞÞ ! 0; as n!1:
Also, F and g do not commute and therefore coupled coincidence point of F and g can-
not be obtained by Theorem 1.11 [26, Theorems 2.2].
Contractive condition (2.1) is satisﬁed with wðtÞ ¼ t and bðtÞ ¼ 12 t which follows
fromdðFðx; yÞ;Fðu; vÞÞ ¼ x
3  2y3
8
 u
3  2v3
8


¼ 1
8
ðx3 u3Þ  2ðy3  v3Þ 
6 1
8
ðdðgx; guÞ þ 2dðgy; gvÞÞ
6 4
8
	 dðgx; guÞ þ dðgy; gvÞ
2
6 1
2
maxfdðgx; guÞ; dðgy; gvÞg
¼ max dðgx; guÞ; dðgy; gvÞ  1
2
maxfdðgx; guÞ; dðgy; gvÞganddðFðy; xÞ;Fðv; uÞÞ ¼ y
3  2x3
8
 v
3  2u2
8


¼ 1
8
jðy3 v3Þ  2ðx3  u3Þj
6 1
8
ð2dðgx; guÞ þ dðgy; gvÞÞ
6 4
8
	 dðgx; guÞ þ dðgy; gvÞ
2
6 1
2
maxfdðgx; guÞ; dðgy; gvÞg
¼ maxfdðgx; guÞ; dðgy; gvÞg  1
2
maxfdðgx; guÞ; dðgy; gvÞgfor all x; y; u; v 2 X for which is gx  gu ^ gy  gv or gx  gu ^ gy  gv.
Hence,wðmaxfdðFðx; yÞ;Fðu; vÞÞ; dðFðy; xÞ;Fðv; uÞÞgÞ
6 wðmaxfdðgx; guÞ; dðgy; gvÞgÞ  bðmaxfdðgx; guÞ; dðgy; gvÞgÞ;for all x; y; u; v 2 X for which is gx  gu ^ gy  gv or gx  gu ^ gy  gv. There exists a
coupled coincidence point ð0; 0Þ of the mappings F and g.
Example 2.6. Let X ¼ R with the usual metric and order. Deﬁne F : X2 ! X as
Fðx; yÞ ¼ 1
2
x 1
3
y for all x; y 2 X and g : X! X with gðxÞ ¼ x for all x 2 X.
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altering distance function, b is lower semi-continuous, wð0Þ ¼ bð0Þ ¼ 0 and wðtÞ > 0
and bðtÞ > 0 for all t > 0.
Now, let x  u and y  v. So, we obtainwðmaxfdðFðx; yÞ;Fðu; vÞÞ; dðFðy; xÞ;Fðv; uÞÞgÞ
¼ maxfdðFðx; yÞ;Fðu; vÞÞ; dðFðy; xÞ;Fðv; uÞÞg
¼ max 1
2
ðx uÞ  1
3
ðy vÞ

; 12 ðy vÞ 
1
3
ðx uÞ


 
6 5
6
maxfdðx; uÞ; dðy; vÞg
¼ wðmaxfdðx; uÞ; dðy; vÞgÞ  bðmaxfdðx; uÞ; dðy; vÞgÞ:
Hence, all of the conditions of Theorem 2.1 are satisﬁed. Moreover, ð0; 0Þ is the cou-
pled coincidence point of F and g.
However, inequalitydðFðx; yÞ;Fðu; vÞÞ 6 k
2
ðdðx; uÞ þ dðy; vÞÞ ð2:4Þfrom [14, Theorem 2.1] is not true. Indeed, let ðx; yÞ ¼ ð1; 0Þ and ðu; vÞ ¼ ð0; 0Þ. Then,dðFð1; 0Þ;Fð0; 0ÞÞ ¼ 1
2
>
k
2
¼ k
2
ðdð1; 0Þ þ dð0; 0ÞÞfor all k 2 ½0; 1Þ.
Hence, the existence of a coupled coincidence point of F and g cannot be obtained
by results from [14].
Remark 2.7. It is clear that (2.3) implies (2.4) for wðtÞ ¼ t and bðtÞ ¼ ð1 kÞt.
The following result is immediately consequence of previous Theorem 2.1 and [3,
Theorem 13].
Theorem 2.8. Let ðX; d;Þ be a partially ordered metric space and F : X2 ! X and
g : X! X. Assume that there exist w; a; b : ½0;þ1Þ ! ½0;þ1Þ where w is an altering
distance function, a is continuous, w is lower semi-continuous, að0Þ ¼ bð0Þ ¼ 0 and
wðtÞ  aðtÞ þ bðtÞ > 0 for all t > 0, such thatwðmaxfdðFðx; yÞ;Fðu; vÞÞ; dðFðy; xÞ;Fðv; uÞÞgÞ
6 aðmaxfdðgx; guÞ; dðgy; gvÞgÞ  bðmaxfdðgx; guÞ; dðgy; gvÞgÞ ð2:5Þfor all x; y; u; v 2 X for which gx  gu ^ gy  gv or gx  gu ^ gy  gv. Assume that F
and g satisfy the following conditions:
(1) F ðX 2Þ  gðX Þ;
(2) F has the mixed g-monotone property;
(3) F and g are continuous and compatible and ðX ; dÞ is a complete, or
38 S. Radenovic´(4) ðX ; d;Þ is a regular and one of F ðX 2Þ or gðX Þ is a complete;
(5) there exist x0; y0 2 X such thatgx0  Fðx0; y0Þ ^ gy0  Fðy0; x0Þorgx0  Fðx0; y0Þ ^ gy0  Fðy0; x0Þ:Then F and g have a coupled coincidence point.ACKNOWLEDGMENT
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